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$X$ $C$ $X$ $\{S_{n}\}$ $C$
$F= \bigcap_{n=1}^{\infty}F(S_{n})$ $x_{1}=x\in C$ ,
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$\{x_{n}\}$ $F$
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$\{S, S, . . . \}$ $\{x_{n}\}$ Aoyama-Kimura-
Takahashi-Toyoda [2, 3] $\{S_{n}\}$
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$x*$ $X^{*}\in X^{*}$ $x\in X$ $x^{*}(x)$ {X, $x^{*}\rangle$ $X$
$\{x_{n}\}$ $x\in X$ $x_{n}arrow x$
$x_{n}arrow x$ $X$ $F$ int $F$
[10,15,21,22]
$X$ $x*$ $J$ $\{x_{n}\}$ $X$ $x\in X$
$\{Jx_{n}\}$ $Jx$
$X$ , $C$ $X$
$\phi(x,y)=\Vert x\Vert^{2}-2\langle x,$ $Jy\rangle+\Vert y\Vert^{2}$ $(\forall x,y\in X)$ (2.1)
$\phi:X\cross Xarrow \mathbb{R}$ (cf. [1, 11]). $S:Carrow X$
$\{z\in C:Sz=z\}$ $F(S)$ $z\in C$ $S$ $C$
$\{z_{n}\}$ $z_{n}-z$ $\Vert Sz_{n}-z_{n}\Vertarrow 0$ $S$
$\hat{F}(S)$ (cf. [16]). $S:Carrow X$
$\bullet$ $S$ (r) $F(S)\neq\emptyset$ $u\in F(S)$ $x\in C$
$\phi(u, Sx)\leq\phi(u, x)$ (cf. [4]).
$\bullet$ $\hat{F}(S)=F(S)$ (r) relatively nonexpansive
(cf. [13, 14]).
$\bullet$ $S$ (sr) $S$ (r) $\{z_{n}\}$ $C$
$\phi(u, z_{n})-\phi(u, Sz_{n})arrow 0$ $u\in F(S)$ $\phi(Sz_{n}, z_{n})arrow$
$0$ (cf. [4]).
$\bullet$ $\hat{F}(S)=F(S)$ (sr) strongly relatively nonexpansive
(cf. [8, 12, 16]).
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$X$ (r) $S:Carrow X$ $F(S)$
(cf. [14]).
$C$ $X$ $\{S_{n}\}$ $C$ $X$
$F=\cap \text{ _{}1}F(S_{n})$ $\{S_{n}\}$ strongly relatively
nonexpansive sequence (cf. [5]).
$\bullet$ $n\in N$ $S_{n}$ (r)
$\bullet$ $\{z_{n}\}$ $C$ $\phi(u, z_{n})-\phi(u, S_{n}z_{n})arrow 0$ $u\in F$
$\phi(S_{n}z_{n}, z_{n})arrow 0$
$\{S_{n}\}$ (Z) $\{z_{n}\}$ $C$ $\Vert S_{n}z_{n}-z_{n}\Vertarrow 0$
$\{z_{n}\}$ $F$ $\{S_{n}\}$
(B) $C$ $B$ $\mathbb{N}$ $\{n_{i}\}$
$S:Carrow E$ $\{n_{i}\}$ $\{n_{i_{j}}\}$ $\hat{F}(S)=F$
$\lim_{jarrow\infty}\sup_{y\in B}\Vert S_{n_{i_{j}}}y-Sy\Vert=0$
2.1. $C$ $X$ $S:Carrow X$
$\bullet$ $\{S, S, . . .\}$ strongly relatively nonexpansive sequence $S$
(sr)
$\bullet$ $\{S, S, \ldots\}$ (Z) strongly relatively nonexpansive sequence
$S$ strongly relatively nonexpansive
(B) (Z)
2.2 ([5]). $C$ $X$ $\{S_{n}\}$ $C$
$X$ $F= \bigcap_{n=1}^{\infty}F(S_{n})$ $\{S_{n}\}$ (B)
$\{S_{n}\}$ (Z)
$C$ $X$
$x\in X$ $\phi(z_{x}, x)=\min_{y\in}c\phi(y, x)$ $z_{x}\in C$ $X$
$C$ generalized projection $\Pi_{C}$ $\Pi_{C}(x)=z_{x}(\forall x\in X)$
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(cf. [1, 11]). $(X, z)\in X\cross C$
$z= \Pi_{C}(x)\Leftrightarrow\sup_{y\in C}\langle y-z,$
$Jx-Jz\rangle\leq 0$
(2.2)
$\Leftrightarrow\phi(y, z)+\phi(z, x)\leq(y, x)$ $(\forall y\in C)$
$\Pi_{C};Xarrow X$ strongly relatively nonexpansive $F(\Pi_{C})=C$
$X$ $\Pi_{C}$ $X$ $C$
$\phi$ (2.1) $\{x_{n}\}$ $\{y_{n}\}$ $X$
$\Vert x_{n}-y_{n}\Vertarrow 0$ $\phi(x_{n}, y_{n})arrow 0$ $X$
2.3 ([11]). $X$ $\{x_{n}\}$ $\{y_{n}\}$ $X$
$\phi(x_{n}, y_{n})arrow 0$ $\{x_{n}\}$ $\{y_{n}\}$
$\Vert x_{n}-y_{n}\Vertarrow 0$
2.4 ([5]). $X$ $F$ $X$
$\{x_{n}\}$ $X$
$\phi(u, x_{n+1})\leq\phi(u, x_{n})$ $(\forall n\in N, u\in F)$
(a) $X$ $\{\Pi_{F}(x_{n})\}$
(b) $x*$ Fr\’echet int $F$ $\{x_{n}\}$
2.5. ([5, 6]). $C$ $X$
$\Pi_{C}$ $X$
3 Strongly relatively nonexpansive sequence
(Z) strongly relatively nonexpansive sequence $\{S_{n}\}$
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3.1 $([5])$ . $X$ $C$ $X$
$\{S_{n}\}$ $C$ $F= \bigcap_{n=1}^{\infty}F(S_{n})$ $\{x_{n}\}$
$x_{1}=x\in C$ ,
$x_{n+1}=S_{n}x_{n}$ $(n=1,2, \ldots)$
$\{$& $\}$ (Z) strongly relatively nonexpansive
sequence
(a) $C$ int $F$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
(b) $J$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
$\{S_{n}\}$ (a)
(a) $p\in F$ $S_{n}$ (r)
$(\Vert p\Vert-\Vert x_{n+1}\Vert)^{2}\leq\phi(p,x_{n+1})=\phi(p, S_{n}x_{n})\leq\phi(p, x_{n})$ $(\forall n\in N)$ (3.1)
$\{\phi(p, x_{n})\}$ $\{x_{n}\}$
$\phi(p, x_{n})-\phi(p, S_{n}x_{n})arrow 0$
$\{S_{n}\}$ strongly relatively nonexpansive sequence $\phi(S_{n}x_{n}, x_{n})arrow$
$0$ 23 $\Vert S_{n}x_{n}-x_{n}\Vertarrow 0$ $\{S_{n}\}$ (Z)
$\{x_{n}\}$ $F$ (3.1) $p\in F$
24 (a) $\Pi_{F}(x_{n})arrow z\in F$
$C$ $\{x_{n}\}$ $\{x_{n_{i}}\}$ $u\in C$
$u\in F$ generalized projection (2.2)
$\langle u-\Pi_{F}(x_{n}),$ $Jx_{n}-J\Pi_{F}(x_{n})\rangle\leq 0$ $(\forall n\in \mathbb{N})$ (3.2)
(3.2) $n=n_{i}$ $\langle u-z,$ $Ju-Jz\rangle\leq 0$ $X$
$u=z$ $x_{n} arrow z=\lim_{n}\Pi_{F}(x_{n})$





$D(A)=\{x\in X:Ax\neq\emptyset\}$ , $R(A)= \bigcup_{x\in X}Ax$ , $G(A)=\{(x,x^{*}):x^{*}\in Ax\}$
$z\in X$ $A$ $Az\ni O$ $A$
$A^{-1}0$ $A$
$(x, x^{*}),$ $(y, y^{*})\in G(A)\Rightarrow\langle x-y,$ $x^{*}-y^{*}\rangle\geq 0$
$A$ $G(A)\subset G(B)$ $A\neq B$
$B:Xarrow 2^{X^{*}}$ Rockafell [17, 18]
proper $f:Xarrow(-\infty, +\infty]$ $\partial f:Xarrow 2^{X^{*}}$
$( \partial f)^{-1}(0)=\{z\in X:f(z)=\inf f(X)\}$
$C$ $X$ $A:Xarrow 2^{X^{*}}$
$D(A) \subset C\subset\bigcap_{\lambda>0}J^{-1}R(J+\lambda A)$
(4.1)
$\lambda>0$ $Q_{\lambda}^{A}x=(J+\lambda A)^{-1}Jx(\forall x\in C)$
$Q_{\lambda}^{A}$ $A$ $Q_{\lambda}^{A}$ (4.1)
$C$ $F(Q_{\lambda}^{A})=A^{-1}0$ $X$
$A:Xarrow 2^{X^{*}}$ $R(J+\lambda A)=X^{*}$ $\lambda>0$
(cf. [19,22]). $C=X$ (4.1) $Q_{\lambda}^{A}$ : $Xarrow X$
[22]
4.1 ([7]). $X$ $C$ $X$
$A:Xarrow 2^{X}$ (4.1)
(a) $\lambda,$ $\mu>0$ $x,$ $y\in C$
$\lambda\phi(Q_{\lambda}^{A}x, Q_{\mu}^{A}y)+\mu\phi(Q_{\mu}^{A}y, Q_{\lambda}^{A}x)+\mu\phi(Q_{\lambda}^{A}x, x)+\lambda\phi(Q_{\mu}^{A}y,y)$
$\leq\lambda\phi(Q_{\lambda}^{A}x,y)+\mu\phi(Q_{\mu}^{A}y, x)$
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(b) $X$ G\^ateaux $\{\lambda_{n}\}$
$\inf_{n}\lambda_{n}>0$ $\{x_{n}\}$ $C$ $x_{n}-u$
$\Vert Q_{\lambda_{n}}^{A}x_{n}-x_{n}\Vertarrow 0$ $u$ $A^{-1}0$
4.1
4.2. $X$ G\^ateaux
$C$ $X$ $A:Xarrow 2^{X^{*}}$ (4.1) $A^{-1}0\neq\emptyset$
$\{\lambda_{n}\}$ $\inf_{n}\lambda_{n}>0$ $C$
$\{Q_{\lambda_{n}}^{A}\}$ (Z) strongly relatively nonexpansive sequence
$\bigcap_{n=1}^{\infty}F(Q_{\lambda_{n}}^{A})=A^{-1}0$
$n\in N$ $F(Q_{\lambda_{n}}^{A})=A^{--1}0$ $F= \bigcap_{n=1}^{\infty}F(Q_{\lambda_{n}}^{A})=A^{-1}0$
$\{z_{n}\}$ $X$
$\phi(u, z_{n})-\phi(u, Q_{\lambda_{n}}^{A}z_{n})arrow 0$
$u\in F$ 4.1 (a)
$\phi(Q_{\lambda_{n}}^{A}z_{n}, z_{n})\leq\phi(u, z_{n})-\phi(u, Q_{\lambda_{n}}^{A}z_{n})$ $(\forall n\in N)$
$\phi(Q_{\lambda_{n}}^{A}z_{n}, z_{n})arrow 0$ $\{Q_{\lambda_{n}}^{A}\}$ strongly relatively nonex-
pansive sequence
$\{x_{n}\}$ $C$ $\Vert Q_{\lambda_{n}}^{A}x_{n}-x_{n}\Vertarrow 0$ $\{x_{n_{i}}\}$
$x_{n_{i}}-\triangle z$ $\inf_{i}\lambda_{n_{i}}>0$
$\Vert Q_{\lambda_{n_{i}}}^{A}x_{n_{i}}-x_{n_{i}}\Vertarrow 0$
4.1 (b) $z\in F$ $\{Q_{\lambda_{n}}^{A}\}$ (Z)
3. 1 4.2 Rockafellar [20]
4.3. $X,$ $C,$ $A$ $\{\lambda_{n}\}$ 42 $\{x_{n}\}$ $x_{1}=x\in C$ ,
$x_{n+1}=Q_{\lambda_{n}}^{A}x_{n}$ $(n=1,2, \ldots)$
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(a) $C$ int $A^{-1}0$ $\{x_{n}\}$ $\lim_{n}\Pi_{A^{-1}0}(x_{n})$
(b) $J$ $\{x_{n}\}$ $\lim_{n}\Pi_{A^{-1}0}(x_{n})$
5 Relatively nonexpansive
3.1 relatively nonexpansive
$m\in N$ $K=\{0,1, \ldots, m\}$
5.1 ([4]). $X$ $C$ $X$
$\{T_{1}, T_{2}, \ldots, T_{m}\}$ $C$ $X$ relatively nonexpansive
$F= \bigcap_{k=1}^{m}F(T_{k})$ $\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{m}\}$ $(0,1)$
$\sum_{k=0}^{m}\lambda_{k}=1$
$V=J^{-1}(\lambda_{0}J+\lambda_{1}JT_{1}+\cdots+\lambda_{m}JT_{m})$
$V:Carrow X$ $\Pi_{C}V:Carrow C$ strongly relatively nonexpansive
$F(V)=F(\Pi_{C}V)=F$
5.2 $([5])$ . $X$ $C$ $X$
$\{T_{n}\}$ $C$ $X$ (r) $F= \bigcap_{n=1}^{\infty}F(T_{n})$
$\{\alpha_{n}\}$ $(0,1)$ $inf_{n}\alpha_{n}>0$
$S_{n}=\Pi_{C}J^{-1}(\alpha_{n}J+(1-\alpha_{n})JT_{n})$ $(\forall n\in \mathbb{N})$
$\{S_{n}\}$ strongly relatively nonexpansive sequence
$\bigcap_{n=1}^{\infty}F(S_{n})=F$
5.1 52 [5, \S 6]
5.3. $X$ $C$ $X$
$\{T_{1}, T_{2}, \ldots, T_{m}\}$ $C$ $X$ relatively nonexpansive
$F= \bigcap_{k=1}^{m}F(T_{k})$ $\{\lambda_{n,k}:n\in N, k\in K\}$ $(0,1)$
$\bullet$ $n\in N$ $\sum_{k=0}^{m}\lambda_{n,k}=1$
$\bullet$ $k\in K$ $\inf_{n}\lambda_{n,k}>0$
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$S_{n}=\Pi_{C}J^{-1}(\lambda_{n,0}J+\lambda_{n,1}JT_{1}+\cdots+\lambda_{n,m}JT_{m})$ $(\forall n\in N)$ (5.1)
$\{S_{n}\}$ (B) strongly relatively nonexpansive
sequence $\bigcap_{n=1}^{\infty}F(S_{n})=F$
5.1 $\bigcap_{n=1}^{\infty}F(S_{n})=F$
$U_{n}=J^{-1}( \frac{\lambda_{n,0}}{2-\lambda_{n,0}}J+\sum_{k=1}^{m}\frac{2\lambda_{n,k}}{2-\lambda_{n,0}}JT_{k})$ $(\forall n\in N)$
5.1 $U_{n}:Carrow X$ strongly relatively nonexpansive
$F(U_{n})=F$ $\bigcap_{n=1}^{\infty}F(U_{n})=F\neq\emptyset$
$S_{n}= \Pi_{C}J^{-1}(\frac{\lambda_{n,0}}{2}J+(1-\frac{\lambda_{n,0}}{2})JU_{n})$ $(\forall n\in N)$
5.2 $\{S_{n}\}$ strongly relatively
nonexpansive sequence
$\{S_{n}\}$ (B) $B$ $C$
{ni} $N$ $1> \lambda_{n,k}\geq\inf_{n}\lambda_{n,k}>0$
$(\forall k\in K=\{0,1, \ldots, m\})$ {ni} $\{n_{i_{j}}\}$ $\lambda_{0},$ $\lambda_{1},$ $\ldots,$ $\lambda_{m}$
$\lim_{jarrow\infty}\lambda_{n_{i_{j}},k}=\lambda_{k}$
$(\forall k\in K)$
$\sum_{k=0}^{m}\lambda_{n,k}=1(\forall n\in N)$ $\sum_{k=0}^{m}\lambda_{k}=1$
$S:Carrow C$
$S=\Pi_{C}J^{-1}(\lambda_{0}J+\lambda_{1}JT_{1}+\cdots+\lambda_{m}JT_{m})$
5.1 $\hat{F}(S)=F(S)=F$ $T_{0}$ $C$
$V_{n}=J^{-1} \sum_{k=0}^{m}\lambda_{n,k}JT_{k}$ $(\forall n\in \mathbb{N})$ , $V=J^{-1} \sum_{k=0}^{m}\lambda_{k}JT_{k}$
$C$ $X$ $\{V_{n}\}$ $V;Carrow X$ $S_{n}=\Pi_{C}V_{n}(\forall n\in N)$
$S=\Pi_{C}V$ $p\in F$ $k\in K$ $y\in B$ $(\Vert p\Vert-\Vert T_{ky\Vert)^{2}}\leq$
135
$\emptyset(p,$ $T_{ky)}\leq\phi(p, y)$ $\{\tau_{ky:k}\in K, y\in B\}$
$\sup_{y\in B}\Vert JV_{n_{i_{j}}}$ y–JVy $\Vert=\sup_{y\in B}\Vert\sum_{k=0}^{m}\lambda_{n_{i_{j}},k}JT_{k}y-\sum_{k=0}^{m}\lambda_{k}JT_{k}y\Vert$
(5.2)
$\leq\sum_{k=0}^{m}|\lambda_{n,k}:_{j}-\lambda_{k}|\cdot\sup_{y\in B}\Vert T_{k}y\Vertarrow 0$ $(jarrow\infty)$
$J^{-1}$ $x*$
(5.2)
$\sup_{y\in B}\Vert V_{n_{i_{j}}}$ $y$ – $Vy$ $\Vert=\sup_{y\in B}\Vert J^{-1}JV_{n_{j}}\dot{.}-J^{-1}JVy\Vertarrow 0$ $(jarrow\infty)$ (5.3)
25 $\Pi_{C}$ $X$
(53)
$\sup_{y\in B}\Vert S_{n_{i_{j}}}y-Sy\Vert=\sup_{y\in B}\Vert\Pi_{C}V_{n_{i_{j}}}y-\Pi_{C}Vy\Vertarrow 0$ $(jarrow\infty)$
$\lim_{j\sup_{y\in B}}\Vert S_{n}:_{j}$y–Sy $\Vert=0$ $\{S_{n}\}$ (B)
3.1, 22 53
5.4. $X,$ $C,$ $\{T_{1}, T_{2}, \ldots, T_{m}\},$ $F$ $\{\lambda_{n,k}:n\in N, k\in K\}$ 53
$\{x_{n}\}$ $x_{1}=x\in C$ ,
$x_{n+1}=\Pi_{C}j^{-1}(\lambda_{n,0}Jx_{n}+\lambda_{n,1}JT_{1}x_{n}+\cdots+\lambda_{n,m}JT_{m}x_{n})$ $(n=1,2, \ldots)$
(a) $C$ int $F$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
(b) $J$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
6 Relatively nonexpansive
[5] relatively nonexpansive (B)
strongly relatively nonexpansive sequence
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6.1 ([5]). $X$ $C$ $X$
$\{T_{n}\}$ $C$ $X$ relatively nonexpansive $F= \bigcap_{n=1}^{\infty}F(T_{n})$
$\{\lambda_{n,k}:n\in N, k\in\{0,1, \ldots , n\}\}$ $(0,1)$
$\bullet$ $n\in N$ $\sum_{k=0}^{n}\lambda_{n,k}=1$
$\bullet\inf_{n}\lambda_{n,0}>0$ ,
$\bullet$ $(0,1)$ $\{\lambda_{k}\}_{k=0}^{\infty}$ $\lim_{n}\sum_{k=0}^{n}|\lambda_{n,k}-\lambda_{k}|=0$
$S_{n}=\Pi_{C}J^{-1}(\lambda_{n,0}J+\lambda_{n,1}JT_{1}+\cdots+\lambda_{n,n}JT_{n})$ $(\forall n\in \mathbb{N})$
$\{S_{n}\}$ (B) strongly relatively nonexpansive
sequence $\bigcap_{n=1}^{\infty}F(S_{n})=F$
3.1, 22 6.1
6.2 ([5]). $X,$ $C,$ $\{T_{n}\},$ $F,$ $\{\lambda_{n,k}$ : $n\in \mathbb{N},$ $k\in\{0,1, \ldots , n\}\}$ $\{S_{n}\}$ 6.1
$\{x_{n}\}$ $x_{1}=x\in C$ ,
$x_{n+1}=S_{n}x_{n}$ $(n=1,2, \ldots)$
(a) $C$ int $F$ $\{x$ $\lim_{n}\Pi_{F}(x_{n})$
(b) $J$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
62 $\{\lambda_{n,k}:n\in N, k\in\{0,1, \ldots , n\}\}$
$\lambda_{n,k}=\{\begin{array}{ll}1/2^{k+1} (k=0,1, \ldots, n-1),1/2^{n} (k=n)\end{array}$
6.3 ([5]). $X$ $C$ $X$
$\{T_{n}\}$ $C$ $X$ relatively nonexpansive $F= \bigcap_{n=1}^{\infty}F(T_{n})$
$\{x_{n}\}$ $x_{1}=x\in C$ ,
$x_{2}= \Pi_{C}J^{-1}(\frac{Jx_{1}+JT_{1}x_{1}}{2})$ ,
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$x_{n+1}= \Pi_{C}j^{-1}(\frac{1}{2}Jx_{n}+\frac{1}{4}JT_{1}x_{n}+\cdots+\frac{1}{2^{n}}JT_{n-1}x_{n}+\frac{1}{2^{n}}JT_{n}x_{n})$ $(\forall n\geq 2)$
(a) $C$ int $F$ $\{x_{n}\}$ $\lim_{n}\Pi_{F}(x_{n})$
(b) $J$ $\{x$ $\lim_{n}\Pi_{F}(x_{n})$
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